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MAP PROJECTIONS—
A WORKING MANUAL

By JOHN P. SNYDER

ABSTRACT

After decades of using only one map projection, the Polyconie, for its mapping program, the U.S.
Geological Survey (USGS) now uses several of the more common projections for its published maps.
For larger scale maps, including topographic quadrangles and the State Base Map Series, conformal
projections such as the Transverse Mercator and the Lambert Conformal Conic are used. Equal-area
and equidistant projections appear in the National Atlas. Other projections, such as the Miller
Cylindrical and the Van der Grinten, are chosen occasionally for convenience, sometimes making use
of existing base maps prepared by others. Some projections treat the Earth only as a sphere, others as
either ellipsoid or sphere.

The USGS has also conceived and designed several new projections, including the Space Oblique
Mercator, the first map projection designed to permit mapping of the Earth continuously from a
satellite with low distortion. The mapping of extraterrestrial bodies has resulted in the use of stand-
ard projections in completely new settings. Several other projections which have not been used by
the USGS are frequently of interest to the cartographic public.

With increased computerization, it is important to realize that rectangular coordinates for all these
projections may be mathematically calculated with formulas which would have seemed too compli-
cated in the past, but which now may be programmed routinely, especially if aided by numerical
examples. A discussion of appearance, usage, and history is given together with both forward and
inverse equations for each projection involved.

INTRODUCTION

The subject of map projections, either generally or specifically, has been dis-
cussed in thousands of papers and books dating at least from the time of the Greek
astronomer Claudius Ptolemy (about A.D. 150), and projections are known to
have been in use some three centuries earlier. Most of the widely used projections
date from the 16th to 19th centuries, but scores of variations have been developed
during the 20th century. In recent years, there have been several new publica-
tions of widely varying depth and quality devoted exclusively to the subject. In
1979, the USGS published Maps for America, a book-length description of its
maps (Thompson, 1979). The USGS has also published bulletins describing from
one to three projections (Birdseye, 1929; Newton, 1985).

In spite of all this literature, there was no definitive single publication on map
projections used by the USGS, the agency responsible for administering the
National Mapping Program, until the first edition of Bulletin 1532 (Snyder, 1982a).
The USGS had relied on map projection treatises published by the former Coast
and Geodetic Survey (now the National Ocean Service). These publications did
not include sufficient detail for all the major projections now used by the USGS
and others. A widely used and outstanding treatise of the Coast and Geodetic
Survey (Deetz and Adams, 1934), last revised in 1945, only touches upon the
Transverse Mercator, now a commonly used projection for preparing maps. Other
projections such as the Bipolar Oblique Conic Conformal, the Miller Cylindrical,
and the Van der Grinten, were just being developed, or, if older, were seldom
used in 1945. Deetz and Adams predated the extensive use of the computer and
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pocket calculator, and, instead, offered extensive tables for plotting projections
with specific parameters.

Another classic treatise from the Coast and Geodetic Survey was written by
Thomas (1952) and is exclusively devoted to the five major conformal projections.
It emphasizes derivations with a summary of formulas and of the history of these
projections, and is directed toward the skilled technical user. Omitted are tables,
graticules, or numerical examples.

In USGS Bulletin 1532 the author undertook to describe each projection which
has been used by the USGS sufficiently to permit the skilled, mathematically
oriented cartographer to use the projection in detail. The descriptions were also
arranged so as to enable a lay person interested in the subject to learn as much as
desired about the principles of these projections without being overwhelmed by
mathematical detail. Deetz and Adams’ (1934) work set an excellent example in
this combined approach.

While Bulletin 1532 was deliberately limited to map projections used by the
USGS, the interest in the bulletin has led to expansion in the form of this profes-
sional paper, which includes several other map projections frequently seen in
atlases and geography texts. Many tables of rectangular or polar coordinates
have been included for conceptual purposes. For values between points, formulas
should be used, rather than interpolation. Other tables list definitive parameters
for use in formulas. A glossary as such is omitted, since such definitions tend to be
oversimplified by nature. The reader is referred to the index instead to find a
more complete description of a given term.

The USGS, soon after its official inception in 1879, apparently chose the Poly-
conic projection for its mapping program. This projection is simple to construct
and had been promoted by the Survey of the Coast, as it was then called, since
Ferdinand Rudolph Hassler’s leadership of the early 1800’s. The first published
USGS topographic “quadrangles,” or maps bounded by two meridians and two
parallels, did not carry a projection name, but identification as ‘“Polyconic
projection” was added to later editions. Tables of coordinates published by the
USGS appeared in 1904, and the Polyconic was the only projection mentioned by
Beaman (1928, p. 167).

Mappers in the Coast and Geodetic Survey, influenced in turn by military and
civilian mappers of Europe, established the State Plane Coordinate System in the
1930’s. This system involved the Lambert Conformal Conic projection for States
of larger east-west extension and the Transverse Mercator for States which were
longer from north to south, In the late 1950°s, the USGS began changing quadran-
gles from the Polyconic to the projection used in the State Plane Coordinate
System for the principal State on the map. The USGS also adopted the Lambert
for its series of State base maps.

As the variety of maps issued by the USGS increased, a broad range of projec-
tions became important: The Polar Stereographic for the map of Antarctica, the
Lambert Azimuthal Equal-Area for maps of the Pacific Ocean, and the Albers
Equal-Area Conic for the National Atlas (USGS, 1970) maps of the United
States. Several other projections have been used for other maps in the National
Atlas, for tectonic maps, and for grids in the panhandle of Alaska. The mapping
of extraterrestrial bodies, such as the Moon, Mars, and Mercury, involves old
projections in a completely new setting. Perhaps the first projection to be origi-
nated within the USGS is the Space Oblique Mercator for continuous mapping
using imagery from artificial satellites.

It is hoped that this expanded study will assist readers to understand better
not only the basis for maps issued by the USGS, but also the principles and
formulas for computerization, preparation of new maps, and transference of data
between maps prepared on different projections.
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MAP PROJECTIONS—GENERAL CONCEPTS
1. CHARACTERISTICS OF MAP PROJECTIONS

The general purpose of map projections and the basic problems encountered
have been discussed often and well in various books on cartography and map
projections. (Robinson, Sale, Morrison, and Muehrcke, 1984; Steers, 1970; and
Greenhood, 1964, are among later editions of earlier standard references.) Every
map user and maker should have a basic understanding of projections, no matter
how much computers seem to have automated the operations. The concepts will
be concisely described here, although there are some interpretations and formu-
las that appear to be unique.

For almost 500 years, it has been conclusively established that the Earth is
essentially a sphere, although a number of intellectuals nearly 2,000 years earlier
were convinced of this. Even to the scholars who considered the Earth flat, the
skies appeared hemispherical, however. It was established at an early date that
attempts to prepare a flat map of a surface curving in all directions leads to
distortion of one form or another.

A map projection is a systematic representation of all or part of the surface of a
round body, especially the Earth, on a plane. This usually includes lines delineat-
ing meridians and parallels, as required by some definitions of a map projection,
but it may not, depending on the purpose of the map. A projection is required in
any case. Since this cannot be done without distortion, the cartographer must
choose the characteristic which is to be shown accurately at the expense of others,
or a compromise of several characteristics. If the map covers a continent or the
Earth, distortion will be visually apparent. If the region is the size of a small
town, distortion may be barely measurable using many projections, but it can still
be serious with other projections. There is literally an infinite number of map
projections that can be devised, and several hundred have been published, most
of which are rarely used novelties. Most projections may be infinitely varied by
choosing different points on the Earth as the center or as a starting point.

It cannot be said that there is one “best” projection for mapping. It is even
risky to claim that one has found the “best” projection for a given application,
unless the parameters chosen are artificially constricting. A carefully constructed
globe is not the best map for most applications because its scale is by necessity too
small. A globe is awkward to use in general, and a straightedge cannot be
satisfactorily used on one for measurement of distance.

The details of projections discussed in this book are based on perfect plotting
onto completely stable media. In practice, of course, this cannot be achieved. The
cartographer may have made small errors, especially in hand-drawn maps, but a
more serious problem results from the fact that maps are commonly plotted and
printed on paper, which is dimensionally unstable. Typical map paper can expand
over 1 percent with a 60 percent increase in atmospheric humidity, and the
expansion coefficient varies considerably in different directions on the same sheet.
This is much greater than the variation between common projections on large-
scale quadrangles, for example. The use of stable plastic bases for maps is recom-
mended for precision work, but this is not always feasible, and source maps may
be available only on paper, frequently folded as well. On large-scale maps, such as
topographic quadrangles, measurement on paper maps is facilitated with rectan-
gular grid overprints, which expand with the paper. Grids are discussed later in
this book. .

The characteristics normally considered in choosing a map projection are as
follows:
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1. Area.—Many map projections are designed to be equal-area, so that a coin
of any size, for example, on one part of the map covers exactly the same area of
the actual Earth as the same coin on any other part of the map. Shapes, angles,
and scale must be distorted on most parts of such a map, but there are usually
some parts of an equal-area map which are designed to retain these characteris-
tics correctly, or very nearly so. Less common terms used for equal-area projec-

tions are equivalent, homolographic, or homalographic(from the Greek-homalos
or homos (“same”) and graphos (“write”)); authalic (from the Greek autos (“same”)
and ailos (“area”)), and equiareal.

2. Shape.——Many of the most common and most important projections are
conformal or orthomorphic (from the Greek orthos or “straight” and morphe or
“shape”), in that normally the relative local angles about every point on the map
are shown correctly. (On a conformal map of the entire Earth there are usually
one or more “singular” points at which local angles are still distorted.) Although a
large area must still be shown distorted in shape, its small features are shaped
essentially correctly. Conformality applies on a point or infinitesimal basis, whereas
an equal-area map projection shows areas correctly on a finite, in fact mapwide
basis. An important result of conformality is that the local scale in every direction
around any one point is constant. Because local angles are correct, meridians
intersect parallels at right (90°) angles on a conformal projection, just as they do on
the Earth. Areas are generally enlarged or reduced throughout the map, but they
are correct along certain lines, depending on the projection. Nearly all large-scale
maps of the Geological Survey and other mapping agencies throughout the world
are now prepared on a conformal projection. No map can be both equal-area and
conformal.

While some have used the term aphylactic for all projections which are neither
equal-area nor conformal (Lee, 1944), other terms have commonly been used to
describe special characteristics:

3. Scale.—No map projection shows scale correctly throughout the map, but
there are usually one or more lines on the map along which the scale remains true.
By choosing the locations of these lines properly, the scale errors elsewhere may
be minimized, although some errors may still be large, depending on the size of
the area being mapped and the projection. Some projections show true scale
between one or two points and every other point on the map, or along every
meridian. They are called equidistant projections.

4. Direction.—While conformal maps give the relative local directions cor-
rectly at any given point, there is one frequently used group of map projections,
called azimuthal (or zenithal), on which the directions or azimuths of all points on
the map are shown correctly with respect to the center. One of these projections
is also equal-area, another is conformal, and another is equidistant. There are also
projections on which directions from two points are correct, or on which direc-
tions from all points to one or two selected points are correct, but these are rarely
used.

5. Special characteristics.—Several map projections provide special characteris-
tics that no other projection provides. On the Mercator projection, all rhumb
lines, or lines of constant direction, are shown as straight lines. On the Gnomonic
projection, all great circle paths—the shortest routes between points on a sphere—
are shown as straight lines. On the Stereographic, all small circles, as well as
great circles, are shown as circles on the map. Some newer projections are spe-
cially designed for satellite mapping. Less useful but mathematically intriguing
projections have been designed to fit the sphere conformally into a square, an
ellipse, a triangle, or some other geometric figure.

6. Method of construction.—In the days before ready access to computers and
plotters, ease of construction was of greater importance. With the advent of
computers and even pocket calculators, very complicated formulas can be handled
almost as routinely as simple projections in the past.
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While the above six characteristics should ordinarily be considered in choosing
a map projection, they are not so obvious in recognizing a projection. In fact, if
the region shown on a map is not much larger than the United States, for example,
even a trained eye cannot often distinguish whether the map is equal-area or
conformal. It is necessary to make measurements to detect small differences in
spacing or location of meridians and parallels, or to make other tests. The type of
construction of the map projection is more easily recognized with experience, if
the projection falls into one of the common categories.

There are three types of developable! surfaces onto which most of the map
projections used by the USGS are at least partially geometrically projected. They
are the cylinder, the cone, and the plane. Actually all three are variations of the
cone. A cylinder is a limiting form of a cone with an increasingly sharp point or
apex. As the cone becomes flatter, its limit is a plane.

If a cylinder is wrapped around the globe representing the Earth (see fig. 1), so
that its surface touches the Equator throughout its circumference, the meridians
of longitude may be projected onto the cylinder as equidistant straight lines
perpendicular to the Equator, and the parallels of latitude marked as lines paral-
lel to the Equator, around the circumference of the cylinder and mathematically
spaced for certain characteristics. For some cases, the parallels may also be
projected geometrically from a common point onto the cylinder, but in the most
common cases they are not perspective. When the cylinder is cut along some
meridian and unrolled, a cylindrical projection with straight meridians and straight
parallels results. The Mercator projection is the best-known example, and its
parallels must be mathematically spaced.

If a cone is placed over the globe, with its peak or apex along the polar axis of
the Earth and with the surface of the cone touching the globe along some particu-
lar parallel of latitude, a conic (or conical) projection can be produced. This time
the meridians are projected onto the cone as equidistant straight lines radiating
from the apex, and the parallels are marked as lines around the circumference of
the cone in planes perpendicular to the Earth’s axis, spaced for the desired
characteristics. The parallels may not be projected geometrically for any useful
conic projections. When the cone is cut along a meridian, unroiled, and laid flat,
the meridians remain straight radiating lines, but the parallels are now circular
arcs centered on the apex. The angles between meridians are shown smaller than
the true angles.

A plane tangent to one of the Earth’s poles is the basis for polar azimuthal
projections. In this case, the group of projections is named for the function, not
the plane, since all common tangent-plane projections of the sphere are azimuthal.
The meridians are projected as straight lines radiating from a point, but they are
spaced at their true angles instead of the smaller angles of the conic projections.
The parallels of latitude are complete circles, centered on the pole. On some
important azimuthal projections, such as the Stereographic (for the sphere), the
parallels are geometrically projected from a common point of perspective; on
others, such as the Azimuthal Equidistant, they are nonperspective.

The concepts outlined above may be modified in two ways, which still provide
cylindrical, conie, or azimuthal projections (although the azimuthals retain this
property precisely only for the sphere).

1. The cylinder or cone may be secant to or cut the globe at two parallels instead
of being tangent to just one. This conceptually provides two standard parallels;
but for most conic projections this construction is not geometrically correct.
The plane may likewise cut through the globe at any parallel instead of touch-
ing a pole, but this is only useful for the Stereographic and some other perspec-
tive projections.

'A developable surface is one that can be transformed to a plane without distortion.
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Regular Cylindrical Regular Conic

Polar Azimuthal
(plane)

Cylindrical Obligue Azimuthal

{plane)

FIGURE 1.—Projection of the Earth onto the three major surfaces. In a few cases, projection is
geometric, but in most cases the projection is mathematical to achieve certain features.
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2. The axis of the cylinder or cone can have a direction different from that of the
Earth’s axis, while the plane may be tangent to a point other than a pole (fig.
1). This type of modification leads to important oblique, transverse, and equa-
torial projections, in which most meridians and parallels are no longer straight
lines or arcs of circles. What were standard parallels in the normal orientation
now become standard lines not following parallels of latitude.

Other projections resemble one or another of these categories only in some
respects. There are numerous interesting pseudocylindrical (or “false cylindrical”)
projections. They are so called because latitude lines are straight and parallel,
and meridians are equally spaced, as on cylindrical projections, but all meridians
except the central meridian are curved instead of straight. The Sinusoidal is a
frequently used example. Pseudoconic projections have concentric circular arcs
for parallels, like conics, but meridians are curved; the Bonne is the only common
example. Pseudoazimuthal projections are very rare; the polar aspect has concen-
trie circular ares for parallels, and curved meridians. The Polyconic projection is
projected onto cones tangent to each parallel of latitude, so the meridians are
curved, not straight. Still others are more remotely related to cylindrical, conie,
or azimuthal projections, if at all.
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2. LONGITUDE AND LATITUDE

To identify the location of points on the Earth, a graticule or network of longi-
tude and latitude lines has been superimposed on the surface. They are commonly
referred to as meridians and parallels, respectively. The concept of latitudes and
longitudes was originated early in recorded history by Greek and Egyptian
scientists, especially the Greek astronomer Hipparchus (2nd century, B.C.). Clau-
dius Ptolemy further formalized the concept (Brown, 1949, p. 50, 52, 68).

PARALLELS OF LATITUDE

Given the North and South Poles, which are approximately the ends of the axis
about which the Earth rotates, and the Equator, an imaginary line halfway between
the two poles, the parallels of latitude are formed by circles surrounding the
Earth and in planes parallel with that of the Equator. If circles are drawn equally
spaced along the surface of the sphere, with 90 spaces from the Equator to each
pole, each space is called a degree of latitude. The circles are numbered from 0° at
the Equator to 90° North and South at the respective poles. Each degree is
subdivided into 60 minutes and each minute into 60 seconds of arc.

For 2,000 years, measurement of latitude on the Earth involved one of two
basic astronomical methods. The instruments and accuracy, but not the principle,
were gradually improved. By day, the angular height of the Sun above the hori-
zon was measured. By night, the angular height of stars, and especially the
current pole star, was used. With appropriate angular conversions and adjust-
ments for time of day and season, the latitude was obtained. The measuring
instruments included devices known as the cross-staff, astrolabe, back-staff,
quadrant, sextant, and octant, ultimately equipped with telescopes. They were
supplemented with astronomical tables called almanacs, of increasing complica-
tion and accuracy. Finally, beginning in the 18th century, the use of triangulation
in geodetic surveying meant that latitude on land could be determined with high
precision by using the distance from other points of known latitude. Thus meas-
urement of latitude, unlike that of longitude, was an evolutionary development
almost throughout recorded history (Brown, 1949, p. 180—207).

MERIDIANS OF LONGITUDE

Meridians of longitude are formed with a series of imaginary lines, all intersect-
ing at both the North and South Poles, and crossing each parallel of latitude at
right angles, but striking the Equator at various points. If the Equator is equally
divided into 360 parts, and a meridian passes through each mark, 360 degrees of
longitude result. These degrees are also divided into minutes and seconds. While
the length of a degree of latitude is always the same on a sphere, the lengths of
degrees of longitude vary with the latitude (see fig. 2). At the Equator on the
sphere, they are the same length as the degree of latitude, but elsewhere they are
shorter.

There is only one location for the Equator and poles which serve as references
for counting degrees of latitude, but there is no natural origin from which to count
degrees of longitude, since all meridians are identical in shape and size. It thus
becomes necessary to choose arbitrarily one meridian as the starting point, or
prime meridian. There have been many prime meridians in the course of history,
swayed by national pride and international influence. For over 150 years, France
officially used the meridian through Ferro, an island of the Canaries. Eighteenth-
century maps of the American colonies often show longitude from London or
Philadelphia. During the 19th century, boundaries of new States were described
with longitudes west of a meridian through Washington, D.C., 77°03’ 02.3" west
of the Greenwich (England) Prime Meridian (Van Zandt, 1976, p. 3). The latter
was increasingly referenced, especially on seacharts due to the proliferation of
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Longitude

Latitude

FIGURE 2.—Meridians and parallels on the sphere.

those of British origin. In 1884, the International Meridian Conference, meeting
in Washington, agreed to adopt the “meridian passing through the center of the
transit instrument at the Observatory of Greenwich as the initial meridian for
longitude,” resolving that “from this meridian longitude shall be counted in two
directions up to 180 degrees, east longitude being plus and west longitude minus”
(Brown, 1949, p. 283, 297).

The choice of the prime meridian is arbitrary and may be stated in simple
terms. The accurate measurement of the difference in longitude at sea between
two points, however, was unattainable for centuries, even with a precision suffi-
cient for the times. When extensive transatlantic exploration from Europe began
with the voyages of Christopher Columbus in 1492, the inability to measure
east-west distance led to numerous shipwrecks with substantial loss of lives and
wealth. Seafaring nations beginning with Spain offered sizable rewards for the
invention of satisfactory methods for measuring longitude. It finally became evi-
dent that a portable, dependable clock was needed, so that the height of the Sun
or stars could be related to the time in order to determine longitude. The study of
the pendulum by Galileo, the invention of the pendulum clock by Christian Huygens
in 1656, and Robert Hooke’s studies of the use of springs in watches in the 1660’s
provided the basic instrument, but it was not until John Harrison of England
responded to his country’s substantial reward posted in 1714 that the problem
was solved. For five decades, Harrison devised successively more reliable ver-
sions of a marine chronometer, which were tested at sea and gradually accepted
by the Board of Longitude in painstaking steps from 1765 to 1773. Final compensa-
tion required intervention by the King and Parliament (Brown, 1949, p. 208—240;
Quill, 1966).

Thus a major obstacle to accurate mapping was overcome. On land, the meas-
urement of longitude lagged behind that of latitude until the development of the
clock and the spread of geodetic triangulation in the 18th century made accuracy a
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reality. Electronic means of measuring distance and angles in the mid- to late-20th
century have redefined the meaning of accuracy by orders of magnitude.

CONVENTIONS IN PLOTTING

When constructing meridians on a map projection, the central meridian, usu-
ally a straight line, is frequently taken to be a starting point or 0° longitude for
calculation purposes. When the map is completed with labels, the meridians are
marked with respect to the Greenwich Prime Meridian. The formulas in this book
are arranged so that Greenwich longitude may be used directly. All formulas
herein use the convention of positive east longitude and north latitude, and nega-
tive west longitude and south latitude. Some published tables and formulas else-
where use positive west longitude, so the reader is urged to use caution in compar-
ing values.

GRIDS

Because calculations relating latitude and longitude to positions of points on a
given map can become quite involved, rectangular grids have been developed for
the use of surveyors. In this way, each point may be designated merely by its
distance from two perpendicular axes on the flat map. The Y axis normally coin-
cides with a chosen central meridian, ¥ increasing north. The X axis is perpendicu-
lar to the Y axis at a latitude of origin on the central meridian, with x increasing
east. Frequently x and y coordinates are called “eastings” and “northings,”
respectively, and to avoid negative coordinates may have “false eastings” and
“false northings” added.

The grid lines usually do not coincide with any meridians and parallels except
for the central meridian and the Equator. Of most interest in the United States
are two grid systems: The Universal Transverse Mercator (UTM) Grid is described
on p. 57, and the State Plane Coordinate System (SPCS) is described on p. 51.
Preceding the UTM was the World Polyconic Grid (WPG), used until the late
1940’s and described on p. 127.

Grid systems are normally divided into zones so that distortion and variation of
scale within any one zone is held below a preset level. The type of boundaries
between grid zones varies. Zones of the WPG and the UTM are bounded by
meridians of longitude, but for the SPCS State and county boundaries are used.
Some grid boundaries in other countries are defined by lines of constant grid
value using a local or an adjacent grid as the basis. This adjacent grid may in turn
be based on a different projection and a different reference ellipsoid. A common
boundary for non-U.S. offshore grids is an ellipsoidal rhumb line, or line of con-
stant direction on the ellipsoid (see p. 46); the ellipsoidal geodesic, or shortest
route (see p.199)is also used. The plotting of some of these boundaries can become
quite complicated (Clifford J. Mugnier, pers. comm., 1985).





